Introduction
In this paper, we present SciTech, the summer international research program for talented high school students, organized in the Technion-Israel Institute of Technology 1 . Our major thesis is that while taking part in scientific projects under supervision by the Technion research stuff, the high school participants in SciTech are given the opportunity to work as researchers, and not just as learners.
We begin with a brief discussion of the term 'good research.' This is followed by a description of SciTech: we outline how students are accepted to the program and what they are doing in it. The main part of this paper is devoted to discussion of some, not necessarily the most successful, mathematical projects, which we had the pleasure to supervise. We conclude the paper with general observations concerning the projects, based on our experience as SciTech mentors.
What is 'good research'?
Brandon 2 [1] claims that the question "What is 'good research'?" is easier to tackle than the question "What is research?" In introducing SciTech to prospective participants, he describes 'real research' as an open-ended process that typically produces more questions than answers, and characterizes 'good research' in terms of its results:
If a research project produces results, positive or negative, which are useful to others, then it is probably good research. For the results to be useful they should be original and reproducible, and they have to be available to others. If the results only confirm what is well known, and cannot be reproduced by other researchers, or if they are not readily available to others, then this is, at best, probably poor research… Unfortunately, there is no way of assuring a successful outcome at the beginning of a project.
Brousseau [2] states that the intellectual work of the student must at times be similar to the scientist's work. To work as a researcher, a student should be engaged not only in problem solving; he or she should contribute to finding research questions. Furthermore, a faithful reproduction of a scientific activity by the student requires that the student produces, formulates and constructs conjectures and models, concepts and theories; that he or she exchanges them with other people. The student should also be able to recognize those constructed pieces of knowledge which conform to the body of knowledge institutionalized by the research community. To make such an activity possible, the instructor must imagine and present situations within which the student can live and construct the knowledge "as the optimal and discoverable solutions to the problem posed" ([2], p. 22). However, argues Brousseau, such an activity in classroom setting is only a simulation; it is not a "true" scientific activity, since the teacher knows in advance what she or he wants her students to discover, and usually assures the completion of the discovery. As a rule, the knowledge produced by the students in classroom "scientific" activities is new and useful only to the students, not to "others" (in Brandon's terms from the above quotation), and not to the research community.
Paraphrasing Brandon [1] and Brousseau [2] , one could say that even "poor research," that is, research aimed at rediscoveries and not readily available to others, may lead to good educational results for high school researchers. However, more can be expected when talented high school students work along with active scientists on research questions with no answers known in advance and communicate the outcomes of their work within the research community, as in SciTech and similar programs.
In summary, we will argue that high school participants in SciTech are given a good chance to get a feeling of what science is and how one does 'good research'. As will be evident from this paper, sometimes the students' scientific work in SciTech has scientific as well as educational value.
SciTech -a general description
Every summer, since 1992, tens of teenagers accepted to SciTech come from all over the world to work for about a month in the research facilities of the Technion. Their way to SciTech starts usually six months prior to the program, when prospective mentors-Technion professors and graduate students-place research proposals on the SciTech website 3 [3] . The proposals represent the major disciplines studied at the Technion: aeronautics, biotechnology and food engineering, chemistry, computer sciences, electrical engineering, mathematics, medical science, mechanical engineering and robotics, and physics. Prospective participants-high school students with proven record of academic excellence and English proficiency-are encouraged to correspond with the prospective mentors. At that stage, the students can choose, in order of preference, up to three topics. After a general screening of the candidates, mentors and students choose each other. Once a match is made, the students start to prepare themselves for work in a particular project by reading the recommended literature and, in some cases, by solving preparatory problems.
In the Technion campus the students are given the opportunity to work under the personal supervision of their mentors in the Technion labs. The students work either individually or in small groups of up to four teammates, depending on the character of the project.
The participants spend most of the time on study and research, but they are left with enough time for social and cultural activities. The students learn about life in Israel and build scientific and cultural bridges with students from other countries.
Towards the end of the program, the participants prepare their results for oral and written presentations. They present their research at the SciTech colloquia, at poster sessions and as written papers. The participants' papers are published in the annual SciTech proceedings and on the Web [3] .
Discussion of some mathematical projects
Five mathematical projects that we had supervised in 2000-2004 are outlined in this section 4 . The mathematical results we mention here are reported in detail in the students' papers (see [3] ). The discussion in this paper is directed to the mathematical ideas of the projects as well as to our expectations and retrospective thoughts. In contrast to our previous publications about SciTech [4] [5] [6] , which were focused on the participants' perturbations, their frustrations and discoveries, the paper at hand focuses on the mentors' perspectives in choosing the topics and supervising the projects.
Reconstructions by means of compass and ruler
The impetus to this project was given by the following Olympiad problem:
One drew a graph of the function
in Cartesian coordinates. Then the coordinate system was deleted. Is it possible to restore the coordinate system by means of compass and ruler? When one solves this non-trivial problem, natural questions arise: is it possible to restore a coordinate system given any quadratic function? Or given any polynomial? Or given hyperbola? Or given any conic section, etc? We considered these questions to be appropriate for a SciTech research project since they are not discussed in the literature available to us and since we felt that they may have mathematical and pedagogical importance. To get an impression about the potential of these questions, we solved some of them and left the solution of the most promising questions to the students. We found that the basic problem[s] can be solved using mathematical tools available in middle school, but the more profound generalizations request mathematical knowledge beyond high school curriculum. Good learners, we deemed, can acquire this knowledge relatively quickly by reading few carefully selected papers and by solving few carefully selected warming-up problems. Thus, we knew how to start the project, and, to some extend, what can be expected as its results.
In retrospection, we were not disappointed. The student who has chosen this project solved the basic reconstruction problems and produced, with our assistance, a chain of generalizations up to a wide class of rational functions. This very bright student ended his research report with the statement that "there are lots of ways to continue the project." We shared his opinion, and decided to continue and offer this topic in the following year. This time, we focused on the curves investigated by the Greeks. In particular, we were interested in conic sections and in the Conchoids of Nicomedes, the curve used in the 3 rd century BC in order to treat the classical problem of trisection of an angle. This time, two students took part in the project. They succeeded to solve the foci reconstruction problem for conic sections and to find a partial solution of the reconstruction problem for the Conchoids of Nicomedes. We point out that when the project was given for the second time, the students did not repeat the work of the previous participant; they used his results as a starting point of their own study.
Fibonacci numbers revisited
Leonardo Fibonacci devised the Rabbit Problem in 1202. This famous problem is:
How many pairs of rabbits would there be after n months, assuming mature pairs reproduce once every month, it takes two months to mature and one newborn pair existed at the beginning? The problem leads to the series of numbers known as the Fibonacci Sequence (FS): 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 134 … The FS has many applications in geometry, biology, economics, architecture, etc. and has many interesting patterns and properties, e.g. [7] .
The idea of the SciTech project came from a simple observation about the Rabbit Problem: it bears an implicit assumption that rabbits do not die. Incorporation of life span into the problem, first suggested in [8] , leads to new sequences, which, to our knowledge, are unexplored. For instance, the fairly realistic assumption that rabbits live for six months leads to the new sequence 1, 1, 2, 3, 5, 8, 11, 18, 27, 42, 64, 98… We called such sequences Modified Fibonacci Sequences (MFS). Then we asked what patterns, properties and applications do the MFS have? When working on the SciTech proposal, we figured out that some of these questions can be approached by means of relatively easy-to-access mathematical tools, and then stopped our own investigation in order to be able to offer to the students the project with no answers known in advance.
At the beginning, the plan of study of MFS was determined by list of known properties of the FS, e.g. [7] . In particular, we planned that the students will construct and solve recursive relations for the MFS with concrete life spans. Following this initial plan, the two students, who participated in the project, found the general solution of the differential equation describing all the MFS by developing a procedure of solving the corresponding auxiliary polynomial equation. In addition, they invented and discussed some "real-world" applications of the MFS. Eventually, the students completed their onemonth work in the SciTech camp with some answers and many suggestions for further research.
Next year, we offered a sequel of this project, hoping to continue the study of the properties of the MFS. To our delight, the two new students suggested their own ideas of how to continue the research. Their idea about qualitative relationship between the MFS and the original FS turned into the focus of the project.
After experimentation, the participants offered the following conjecture: To prove this conjecture the students had to enrich their mathematical background beyond our initial plan. They also took the risk of possible failure solving an unplanned problem. In spite (or maybe because) of this risk the students were very enthusiastic and asked for little assistance, trying to work on their own. Finally, they proved the first part of the above conjecture, and supported the second part by computer simulations.
We emphasize that the above discussion is an example of how the creativity of the participants can change the planned course of the project and enrich it with additional aspects and ideas.
Spatial Analogues of Planar Theorems and their Applications
The major mathematical activity of this project was generalizing well-known plane theorems to a three-dimensional space. The hope was to obtain useful (and, possibly, unknown) theorems in solid geometry. We offered this project twice, keeping in mind different target theorems.
In the first time, we started the project having at hand a collection of several nice generalizations that the third author of this paper learned in 1980s from his high school teacher Boris Orach 5 . Some of them were used at the beginning of the project as warming-up exercises for the student-participants. The students were given well-known plane theorems and their three-dimensional analogues (e.g., Pythagorean Theorem, cosines theorem). The students' task was to prove these two-and three-dimensional theorems, and to learn what generalization means. For example, they learned that it can be useful to consider a tetrahedron as a 3-D analogue of a triangle. Besides, they refreshed their knowledge of geometry and polished their problem-solving skills.
At the next stage, we gave the students additional two-dimensional problems from our collection without revealing what their generalizations are (e.g., The Bisector Theorem). The students' were asked to produce their own generalizations and to prove them. However, it was not a secret to the students that the given two-dimensional problems have been generalized before, and we, the mentors, have some "right answers" at hand. For this reason, the students were working with confidence and felt that they are still in a training course. Apparently, at this stage the students internalized some heuristics useful for generalizations in geometry (e.g., the principle of duality).
At a culminating stage of the project, the students were given freedom to formulate and to prove their own extensions to the selected facts about triangle, which, as they knew, did not belong to our collection of generalized theorems. The students invested time, effort and enthusiasm trying to produce meaningful and non-trivial generalizations, but they were not satisfied with the results. Shortly speaking, they evaluated their results as too unsurprising, and too close to the ideas that they had learned at the beginning of the project. The time of the camp was over, and in the project's paper the students reported the problems that they have solved as well as their less successful attempts to produce non-trivial extensions to Menelaus and Ceva's theorems.
In the following year, we decided to take our chances with this project again. This time, larger set of initial exercises and warming-up problems was used at the beginning of the project and a more extended literature search was done. In fact, the entire positive and negative experience of the previous year students was available to the new SciTech participants. The second-year project appeared to be a success story: after two weeks of hard work, frustrations and confusions, the student discovered an interesting generalization of Ceva's theorem, which turned to be useful in solving many additional problems.
A description of the process of the student's discovery and our suggestions about what caused the discovery is given in [4] . Here, we want to bring the following fact to the attention of the reader: there is no guaranteed "happy end" in the SciTech projects. As SciTech mentors, we cannot assure the students' 'good' discoveries.
Distinguishing the Knesers
In this project we wanted to investigate a new algebraic parameter of graphs -the distinguishing number -that has very recently been introduced and studied by a few authors [e.g., 11, 12] . The distinguishing number of a graph is a measure of the effort necessary in order to break the graph's symmetry.
We felt that a bright student (with ample guidance) might have a reasonable chance of obtaining nice results on this topic which is still new and largely unexplored. This feeling was, all in all, largely borne out by the events.
At first we asked the participant to familiarize himself with the landscape of algebraic graph theory by reading portions of books [13, 14] . Then we offered a set of warm up basic problems. In spite of the fact that the answers to these basic problems were known to us, we posed them as micro-research tasks.
Following the warm-up period, we asked the student to pick a class of graphs from those he had met so far and to explore their distinguishing numbers. He chose the Kneser graphs. Afterwards we planned with the student how to attack the problem by generalizing a known approach. Unfortunately, the problem happened to be too difficult and our plan did not work.
We then decided to shift the point of attack from the theoretical problem solving to computer experimentation, and spent the remainder of the project's term working with the software "Nauty" -a useful tool for investigations in graph theory. During the last week of the project, the student succeeded to obtain some non-trivial results about a few special cases of the Kneser graphs, drawing on his intuition and problem-solving skills he had built up earlier in the project. These results are quite interesting by themselves and are likely to lead to more general insights, once analyzed systematically.
This shows again that success in implementing the original plan cannot be guaranteed. Sometimes, as in some of the previously described projects, the results obtained are sufficient to be reported. Sometimes, the original plan may be replaced by "Plan B", as in the last project.
Steiner systems and prime numbers
The participant in this project takes a keen interest in number theory and thus we were obliged to look for a topic at the intersection of number theory and combinatorics, wherein lied the principal interests of the second author.
We settled upon the subject of combinatorial designs and Steiner systems (a special case of combinatorial designs), which are combinatorial structures described by sets of numerical parameters. The relationships among these parameters provide many interesting questions in elementary number-theory.
At this point, we must say that this project was in a great measure steered by the participant who is a very talented and industrious girl. Before the actual commencement of the camp she posed an interesting question: Can the parameters of a combinatorial 2-design form a Pythagorean triple? Eventually, the student found a partial answer to this question.
When the camp started we asked her to browse through a book on design theory [9] and to pick up whatever topic she likes. The participant decided to research the divisibility properties of parameters of designs. She soon showed the following:
1 k + must be of the form 6 1 n + or 6 5 n + for some natural number n . It then turned out that a more general result had been obtained in a 1974 paper [10] . This bibliographic discovery initially depressed the student's self-identification as a researcher. However, this "hard" feeling was soon substituted with the delight that she obtained by herself a result from the research literature and we suggested to her to generalize this result further. Indeed, she succeeded to do so after crystallizing the main relevant argument from [10] . The results she has obtained seem to be on a publishable-in-the-peerreviewed-journals level.
We believe that the participant benefited in this project not only by doing 'good research' but also by obtaining a first experience of immersion in and effective working with the extant scientific literature. Needless to say, this skill is essential to the attainment of a full measure of success by every researcher.
Concluding remarks
In the introduction, 'good research' was characterized as follows: i.
It is searching for a priory unknown pieces of knowledge. ii.
The newly constructed pieces of knowledge should conform to the body of knowledge institutionalized by the research community. iii.
The results are communicated within the scientific community. All the SciTech projects possess the third characteristic as they include writing and communicating reports. We have tried to show that all the five projects described in this paper possess also the first two characteristics. Some of the results are more impressive than others, but we believe that all the students experienced a process of good research. This brings us to the following suggestions of how such projects should be planned and supervised.
Choosing the topics for the projects is of critical importance. In many cases, the participants in SciTech are gifted students that have already developed some scientific interests. Thus, the choice of the topic should take into account these interests. In planning the projects, we look for interesting problems that can be presented to high school students, and can be extended to more advanced problems. The choice of the problems is made with reasonable risk, meaning that we have a feeling of how to deal with some of the problems, but we do not know the solutions to all of them. We let the students know that the advanced problems are open ones, so they have a chance to develop new pieces of knowledge. It is also important to involve the students in formulating the research questions and let them suggest their own problems. Sometimes, a project can be offered more than ones. In such a case, the research is built on results obtained in previous times.
Because of the (reasonable) risk taken in choosing the projects, one cannot guarantee that the problems offered will be solved. Since the duration of the camp is limited and since we deal with young individuals, it obliges us as mentors to be flexible and sensitive. The flexibility is needed when the student's creativity enriches the original plan, and also when it looks like the student is on a dead end road and "Plan B" should be offered in time. In all cases, we should be careful not to offer more than the minimum possible help in order not to deprive the students from the enjoyment of doing independent research. This does not mean that supervision is not needed. Whenever possible, it should include creating opportunities for shaping important research skills such as knowing how to look for relevant literature and being able to critically assess the obtained results.
It is not surprising that SciTech is a great experience for the students. It is also highly gratifying to the mentors. As SciTech mentors, we feel that we contribute and we are contributed. For those of us who worked in the program while being graduate students, SciTech was a good opportunity to sharpen pedagogical skills and to develop the research ideas besides the themes of the dissertations. For all of us SciTech provided a great opportunity to enjoy the students' enjoyment of discoveries.
